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Abstract
We perform a one-loop analysis of the ρ parameter in the Littlest Higgs model, including the logarithmi-
cally enhanced contributions from both fermion and scalar loops. We find the one-loop contributions are
comparable to the tree level corrections in some regions of parameter space. The fermion loop contribution
dominates in the low cutoff scale f region. On the other hand, the scalar loop contribution dominates in the
high cutoff scale f region and it grows with the cutoff scale f . This in turn implies an upper bound on the
cutoff scale. A low cutoff scale is allowed for a non-zero triplet VEV. Constraints on various other parame-
ters in the model are also discussed. The role of triplet scalars in constructing a consistent renormalization
scheme is emphasized.
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I. INTRODUCTION
The Standard Model(SM) requires a Higgs boson to explain the generation of fermion and
gauge boson masses. Precision electroweak measurements suggest that the Higgs boson must be
relatively light, mH < 219 GeV [1]. Currently, experimental data overwhelmingly support the SM
with a light Higgs boson. The simplest version of the Standard Model with a single Higgs boson,
however, has the theoretical problem that the Higgs boson mass is quadratically sensitive to any
new physics which may arise at high energy scales. Fine tuning and naturalness arguments suggest
that the scale at which this new physics enters should be on the order of a TeV.
Supersymmetry addresses the quadratic sensitivity of the SM to high mass scales by introducing
superpartners to the ordinary fields. The contributions of the superpartners to the Higgs mass
explicitly cancel the quadratic dependence of the Higgs mass on the high mass scales. Little Higgs
(LH) models [2, 3, 4, 5, 6, 7, 8, 9, 10] are a new approach to understanding the hierarchy between the
TeV scale of possible new physics and the electroweak scale, v = 246 GeV = (
√
2GF )
−1/2. These
models have an expanded gauge structure at the TeV scale which contains the Standard Model
SU(2)×U(1) electroweak gauge groups. The LH models are constructed such that an approximate
global symmetry prohibits the Higgs boson from obtaining a quadratically divergent mass until at
least two loop order. The Higgs boson is a pseudo-Goldstone boson [11, 12, 13, 14, 15, 16, 17]
resulting from the spontaneous breaking of the approximate global symmetry and so is naturally
light. The Standard Model then emerges as an effective theory which is valid below the scale f
associated with the spontaneous breaking of the global symmetry.
Little Higgs models contain weakly coupled TeV scale gauge bosons from the expanded gauge
structure, which couple to the Standard Model fermions. In addition, these new gauge bosons
typically mix with the Standard Model W and Z gauge bosons. Modifications of the electroweak
sector of the theory, however, are severely restricted by precision electroweak data and require the
scale of the little Higgs physics, f , to be in the range f > 1− 6 TeV [18, 19, 20, 21, 22, 23, 24, 25],
depending on the specifics of the model. The LH models also contain expanded Higgs sectors with
additional Higgs doublets and triplets, as well as a new charge 2/3 quark, which have importance
implications for precision electroweak measurements.
In this paper, we analyze the contributions of the heavy fermions and scalars to the isospin
violating ρ parameter. We include the logarithmically enhanced loop corrections due to the scalar
triplet which is present in such models. In Section II, we review the LH models. Section III contains
a description of our calculation, while numerical results are presented in Section IV. Details of the
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calculation are relegated to the appendices.
II. BASICS OF LITTLE HIGGS MODELS
The Little Higgs model has been described in detail elsewhere, but we include a brief description
of the model here in order to clarify our notation. [Our discussion follows Ref. [26].] The minimal
version, the ”littlest Higgs model” (LLH) [2] is a non-linear sigma model based on an SU(5) global
symmetry, which contains a gauged [SU(2)⊗U(1)]1 ⊗ [SU(2)⊗U(1)]2 symmetry as its subgroup.
We concentrate on this model here, although many alternatives have been proposed [6, 7, 8, 9, 10].
The global SU(5) symmetry of the LLH model is broken down to SO(5) by the vacuum expec-
tation value (VEV) of a sigma field [2],
Σ0 =


I
1
I

 , (1)
where I is a 2×2 identity matrix and 〈Σ0〉 ∼ f . In addition, the VEV of the sigma field breaks the
gauged symmetry [SU(2)⊗U(1)]1⊗ [SU(2)⊗U(1)]2 to its diagonal subgroup, SU(2)×U(1), which
is then identified as the SM gauge group. The breaking of the global symmetry, SU(5) → SO(5),
leaves 14 Goldstone bosons, Π ≡ πaXa, which can be written as
Σ = eiΠ/fΣ0e
iΠT /f = Σ0 +
2i
f
ΠΣ0 +O(1/f2), (2)
where Xa correspond to the broken SU(5) generators. Four of these Goldstone bosons become the
longitudinal components of the broken gauge symmetry, while the remaining ten pseudo-Goldstone
bosons can be parameterized as [2],
Π =


h†/
√
2 Φ†
h/
√
2 h∗/
√
2
Φ hT /
√
2

 , (3)
where h is identified as the SM Higgs doublet, h = (h+, h0), and Φ is a complex SU(2) triplet with
hypercharge Y = 2,
Φ =

 Φ++ Φ+/
√
2
Φ+/
√
2 Φ0

 . (4)
The existence of an SU(2) triplet is a general feature of models of this type.
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The Lagrangian is given by
L = Lk + LY uk , (5)
where Lk contains the kinetic terms of all fields and LY uk describes the Yukawa interactions. The
gauge bosons acquire their masses through the kinetic terms of the Σ field
Lk = f
2
8
Tr{(DµΣ) (DµΣ)†} , (6)
where the covariant derivative of the Σ field is defined as
DµΣ = ∂µΣ− i
∑
j
[ gjW
a
j (Q
a
jΣ+ ΣQ
a
j
T ) + g
′
jBj(YjΣ+ ΣY
T
j ) ] . (7)
The SU(2) gauge fields are given byWj =
∑3
a=1 W
µa
j Q
a
j , and the U(1) gauge fields are Bj = B
µ
j Yj,
with gauge couplings g1, g2 and g
′
1, g
′
2. (The SU(2) and hypercharge, Yj assignments can be found
in Ref. [2]).
The Σ0 VEV generates masses and mixing between the gauge bosons. The heavy gauge boson
mass eigenstates are given by,
W aH = −cW a1 + sW a2 , BaH = −c′B1 + s′B2 , (8)
with masses [18, 19, 26]
M2WH =
f2
4
(g21 + g
2
2), M
2
BH
=
f2
20
(g
′2
1 + g
′2
2 ) . (9)
The orthogonal combinations of gauge bosons are identified as the SMW and B, with couplings [18,
19, 26],
g = g1s = g2c, g
′ = g′1s
′ = g′2c
′ . (10)
The mixing between the two SU(2)’s (U(1)’s) is described by the parameters s and s′ [18, 19, 26],
s =
g2√
g21 + g
2
2
, s′ =
g′2√
g′21 + g
′2
2
. (11)
(and c =
√
1− s2, c′ = √1− s′2.) The coupling of fermions to the photon is then given by [18, 19,
26],
e = gsW (12)
sW =
g′√
g2 + g′2
(13)
cW =
g√
g2 + g′2
. (14)
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In the Yukawa sector, a new vector-like charge 2/3 fermion is introduced to cancel the quadratic
sensitivity of the Higgs mass to the top quark loops. This cancellation fixes the Yukawa interac-
tions [2, 26],
LY uk = 1
2
λ1fǫijkǫxyχiΣjxΣkyu
′
3
c + λ2f t˜t˜
c + h.c. , (15)
where t3 is the SM top quark, u
′
3 is the SM right-handed top quark, (t˜, t˜
′c) is a new charge 2/3
vector-like quark and χ = (b3, t3, t˜). Expanding the Σ field in terms of its component fields, the
mass terms of the fermions are [2, 19, 26],
LY uk = f
[√
λ21 + λ
2
2 −
λ21
2
√
λ21 + λ
2
2
v2
f2
]
t˜t˜c − iλ
2
1v√
λ21 + λ
2
2
t3t˜
c (16)
− iλ1λ2v√
λ21 + λ
2
2
t3u
c
3 −
λ1λ2
2
√
λ21 + λ
2
2
v2
f2
t˜uc3 .
The following mass eigenstates are obtained after diagonalizing the above mass terms [19, 26],
tL = t3 + ixL
v
f
t˜ (17)
TL = t˜− ixL v
f
t3 (18)
tcR = u
c
3 =
1√
λ21 + λ
2
2
(−λ1t˜ ′c + λ2u′c3 ) (19)
T cR = t˜
c =
1√
λ21 + λ
2
2
(λ2t˜
′c + λ1u
′c
3 ) . (20)
We express our results in terms of xL, which parameterizes the mixing between t3 and t˜; it is given
by [19, 26]
xL =
λ21
λ21 + λ
2
2
. (21)
The tree level tth Yukawa coupling is now [19, 26],
yt =
mt
v
=
iλ1λ2√
λ21 + λ
2
2
[
1 +
v2
2f2
λ21
λ21 + λ
2
2
(1 +
λ21
λ21 + λ
2
2
)
]
. (22)
In the limit that the cut-off scale f goes to infinity, the coupling [19, 26]
yt =
iλ1λ2√
λ21 + λ
2
2
(23)
is identified as the top quark Yukawa coupling of the SM.
The one-loop quadratically divergent contributions to the Coleman-Weinberg potential due to
the scalars and fermions are given by [2, 26]
Ls = a
2
f4{g2j
∑
a
Tr[(QajΣ) + (Q
a
jΣ)
∗] + g′2j Tr [(YjΣ) + (YjΣ)
∗]} (24)
Lf = −a
′
4
λ21f
4ǫwxǫyzǫ
ijkǫkmnΣiwΣjxΣ
∗myΣ∗nz . (25)
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where a and a′ are unknown coefficients parameterizing physics from the Ultra-Violet (UV) com-
pletion. These lead to the following Coleman-Weinberg potential [2, 26]
VCW = λΦ2f
2 Tr(Φ†Φ) + iλhΦhf(hΦ†hT − h∗Φh†)− µ2hh† + λh4(hh†)2 , (26)
where [2, 26]
µ2 ∼ f
2
16π2
(27)
4λh4 = λΦ2 =
a
2
[
g2
s2c2
+
g′2
s′2c′2
] + 8a
′
λ21 (28)
λhΦh = −a
4
[
g2(c2 − s2)
s2c2
+
g′2(c′2 − s′2)
s′2c′2
] + 4a
′
λ21 . (29)
and µ2 is generated by one-loop logarithmically divergent and two-loop quadratic divergent con-
tributions. The VEV’s of the SM Higgs doublet and the SU(2) triplet are
〈
h0
〉
= v/
√
2 and〈
Φ0
〉
= −iv′, where [2, 26]
v2 =
µ2
λh4 − λ
2
hΦh
λΦ2
(30)
v′ =
λhΦh
2λΦ2
v2
f
(31)
To obtain the correct electroweak symmetry breaking vacuum with m2H > 0 and M
2
Φ > 0, the
following conditions must be satisfied [2, 26],
λh4 −
λ2hΦh
λΦ2
> 0 (32)
v
′
v
<
1
4
v
f
. (33)
We summarize in Table I the mass spectrum of the model [26] and in Tables II, III, and IV [26]
the relevant couplings.
III. THE RENORMALIZATION PROCEDURE
Precision electroweak measurements give stringent bounds on the scale of little Higgs type
models [18, 19, 20, 21, 22, 23, 24, 25]. One of the strongest bounds comes from fits to the
ρ parameter, since in the LLH model the relation ρ = 1 is modified at the tree level. While
the Standard Model requires three input parameters in the weak sector (corresponding to the
SU(2) × U(1) gauge coupling constants and the Higgs doublet VEV, v), a model with ρ 6= 1 at
tree level, such as the LLH model or any model with a Higgs triplet, requires an additional input
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TABLE I: Mass spectrum of the gauge bosons, scalar fields and the fermions. The parameters mW and mZ
are given by the SM expressions,mW = gv/2 andmZ = gv/2cW , respectively, where cW is defined in Eq.(12)-
(14). The parameter xH is a mixing parameter in the neutral gauge boson sector, xH = [5gg
′
scs
′
c
′
(c2s
′2 +
s2c
′2)]/[2(5g2s
′2c
′2 − g′2s2c2)] [26].
gauge boson x M2x
W±L m
2
W [1− v
2
f2 (
1
6 +
1
4 (c
2 − s2)2) + 4 v
′
2
v2 ]
W±H m
2
W [
f2
c2s2v2 − 1]
AL 0
ZL m
2
Z [1− v
2
f2 (
1
6 +
1
4 (c
2 − s2)2 + 54 (c
′2 − s′2)2) + 8v
′
2
v2 ]
AH m
2
Zs
2
W [
f2
5s′2c′2v2
− 1 + xHc2W
4s2c2s2
W
]
ZH m
2
W [
f2
s2c2v2 − 1−
xHs
2
W
s′2c′2c2
W
]
scalar field s M2s
h 2µ2 = 2(λh4 − λ2hΦh/λΦ2)v2 ≡ m2H
Φ λΦ2f
2 = 2m2H
f2
v2
1
1−( 4v
′
f
v2
)2
fermion f mf
t λ1λ2√
λ2
1
+λ2
2
v[1 + v
2
2f2
λ2
1
λ2
1
+λ2
2
(1 +
λ2
1
λ2
1
+λ2
2
)]
T
√
λ21 + λ
2
2f [1− v
2
2f2
λ2
1
λ2
1
+λ2
2
(1 +
λ2
1
λ2
1
+λ2
2
)]
parameter in the gauge-fermion sector, which can be taken to be the VEV of the Higgs triplet,
v′. The need for this additional input parameter when ρ 6= 1 at the tree level was first noted in
Refs. [27, 28]. This extra input parameter, beyond the three of the Standard Model, has important
implications when models with Higgs triplets are studied beyond tree level[27, 28, 29, 30, 31]. Many
of the familiar predictions of the Standard Model are drastically changed by the need for an extra
input parameter. For example, the dependence of the ρ parameter on the top quark mass becomes
logarithmic (instead of quadratic as it is in the Standard Model) in theories with a Higgs triplet,
as emphasized in Refs. [29, 30, 31]
We choose as our input parameters the muon decay constant Gµ, the physical Z-boson massM
2
Z ,
the effective lepton mixing angle s2θ and the fine-structure constant α(M
2
Z) as the four independent
input parameters in the renormalization procedure. The ρ parameter, defined as,
ρ ≡ M
2
WL
M2Zc
2
θ
, (34)
and the W -boson mass are then derived quantities (in contrast to the Standard Model). The
effective leptonic mixing angle s2θ at the Z-resonance is defined as the ratio of the electron vector
7
to axial vector coupling constants to the Z-boson,
Re(geV )
Re(geA)
= 4s2θ − 1. (35)
where we have defined the coupling of a fermion ψi, with mass mi, to gauge boson X as,
L = iψiγµ(gV + gAγ5)ψjXµ . (36)
The effective Lagrangian of the charged current interaction in the LLH model is given by [18,
19, 26],
Lcc = gW aLµJaµ(1 +
c2(s2 − c2)v2
f2
) + g′BLµJ
µ
Y (1− 5
c′2(s′4 − c′4)v2
f2
) (37)
+gW 3LµJ
µ
Y
5(s′4 − c′4)v2
f2
− g′BLµJ3µ
c2(s2 − c2)v2
f2
−JaµJaµ
2c4
f2
− JYµ JY µ
10c′4
f2
.
After integrating out the W-boson, WL, we obtain the muon decay constant, Gµ, given by [19, 20,
21]
Gµ =
1√
2
{ g
2
4M2WL
[1 +
c2(s2 − c2)v2
f2
] +
c4
f2
} . (38)
Replacing the W-boson mass M2WL by
M2WL = m
2
W
[
1− v
2
f2
(
1
6
+
1
4
(c2 − s2)2
)
+ 4
v
′2
v2
]
, (39)
where m2W is given by the SM expression, mW = gv/2, the muon decay constant Gµ can be written
as
1√
2Gµ
= v2
(
1 +
v2
4f2
+ 4
v′2
f2
)
, (40)
which is then inverted to give v2 in terms of Gµ, f and v
′,
v2 =
1√
2Gµ
[
1− 1
4
√
2Gµf2
− 4v
′2
f2
]
. (41)
In the LLH model, the vector and the axial vector parts of the neutral current Zee¯ coupling
constant are given by [26]
geV =
g
2cW
{(−1/2 + 2s2W ) (42)
+
v2
f2
[−cWxW ′Z
c
2s
+
sWx
B′
Z
s′c′
(2ye − 9
5
+
3
2
c′2)]}
geA =
g
2cW
{1
2
+
v2
f2
[cWx
W ′
Z
c
2s
+
sWx
B′
Z
s′c′
(−1
5
+
1
2
c′2)]}. (43)
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where xB′Z and x
W ′
Z are given by,
xB′Z = −
5
2sW
s′c′(c′2 − s′2) , (44)
xW ′Z = −
1
2cW
sc(c2 − s2) . (45)
The ratio Re(geV )/Re(g
e
A) is thus given by
Re(geV )
Re(geA)
≡ 4s2θ − 1 (46)
= (4s2W − 1) +
2v2
f2
[s2W c
2(c2 − s2)− c2W (c′2 − s′2)(−2 + 5c′2)].
The effective leptonic mixing angle s2θ and the mixing angle s
2
W in the LLH model are then related
via the following relation,
s2θ = s
2
W +
v2
2f2
[s2W c
2(c2 − s2)− c2W (c′2 − s′2)(−2 + 5c′2)]. (47)
This equation can then be inverted and gives
s2W = s
2
θ +∆s
2
θ (48)
where
∆s2θ = −
1
2
√
2Gµf2
[s2θc
2(c2 − s2)− c2θ(c′2 − s′2)(−2 + 5c′2)] . (49)
The SU(2)L gauge coupling constant, g, can be re-written in terms of the effective leptonic
mixing angle, s2θ, and the fine-structure constant, α, as
g2 =
e2
s2W
=
4πα
s2θ
(1− ∆s
2
θ
s2θ
) . (50)
We then arrive at
√
2Gµ =
πα
M2Zs
2
θc
2
θρ
[
1− ∆s
2
θ
s2θ
+
c2(s2 − c2)√
2Gµf2
]
+
c4
f2
, (51)
where M2Z is the physical Z-boson mass,
M2Z =
πα√
2Gµs2θc
2
θ
[
1− 4v
′2
f2
−
(
c4θ − s4θ
s2θc
2
θ
)
∆s2θ
− 1√
2Gµf2
(
5
12
+
1
4
(c2 − s2)2 + 5
4
(c′2 − s′2)2
)
+ 8
√
2Gµv
′2
]
. (52)
The left-hand side of Eq. 52 is the physical Z boson mass, 91.1876 GeV , while the leading
contribution to the right-hand side is πα√
2Gµs2θc
2
θ
= 91.475 GeV . In order to obtain the correct Z
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mass, the sub-leading terms on the right-hand side must be non-zero. As f becomes larger, the
tree- level corrections become smaller and insufficient to satisfy Eq. 52.
Using Eq. (34), (51) and (52), the parameters M2WL , ρ and s can be derived, in terms of Gµ,
M2Z , α(MZ) and s
2
θ, and the free parameters, f , v
′ and s′. The ρ parameter at tree level is
ρtree =
πα√
2M2Zs
2
θc
2
θGµ
[
1− ∆s
2
θ
s2θ
+
c2s2√
2Gµf2
]
, (53)
where the parameter s2 and c2 = 1− s2 are determined by Eq.(52). Note that ρtree depends on v′
implicitly through s. Given the value of ρtree in Eq.(53), the W-boson mass MWL at tree level is
determined by Eq.(34).
Since the loop factor occurring in radiative corrections, 1/16π2, is similar in magnitude to the
expansion parameter, v2/f2, of chiral perturbation theory, the one-loop radiative corrections can
be comparable in size to the next-to-leading order contributions at tree level of Eq. 53. In this
paper, we compute the loop corrections to the ρ parameter which are enhanced by large logarithms;
we focus on terms of O
(
1
16π2 ln
(
M2
Q2
))
, where Q ∼ MZ and M ∼ f ∼ O(TeV ). At the one-loop
level, we have to take into account the radiative correction to the muon decay constant Gµ, the
counterterm for the electric charge e, the mass counterterm of the Z-boson, and the counterterm
for the leptonic mixing angle s2θ. These corrections are collected in the quantity ∆rZ , and Eq.(51)
can then be rewritten in the following way,
s2θc
2
θ =
πα(M2Z)√
2GµM
2
Zρ
[
1− ∆s
2
θ
s2θ
+
c2s2√
2Gµf2
+∆rZ
]
, (54)
where
∆rZ = −δGµ
Gµ
− δM
2
Z
M2Z
+
δα
α
−
(
c2θ − s2θ
c2θ
)
δs2θ
s2θ
. (55)
We note that ∆rZ defined in Eq.(55) differs from the usual ∆rˆZ defined in the SM by an extra
contribution due to the renormalization of s2θ.
The counterterms for the Z-boson mass, δM2Z , and for the leptonic mixing angle, δs
2
θ, are given
by, respectively [29],
δM2Z = Re
(
ΠZZ(M2Z)
)
(56)
δs2θ
s2θ
= Re
[ (
cθ
sθ
) [
ΠγZ(M2Z)
M2Z
+
v2e − a2e
ae
ΣeA(m
2
e) (57)
− ve
2sθcθ
(
ΛZeeV (M
2
Z)
ve
− Λ
Zee
A (M
2
Z)
ae
) ] ]
.
where ΣeA is the axial part of the electron self-energy, Λ
Zee
V and Λ
Zee
A are the vector and axial-
vector form factors of the vertex corrections to the Zee coupling, ve is given by ve = 1/2 − 2s2θ
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and ae = 1/2. As the electron self-energy Σ
e
A(m
2
e) is suppressed by the small electron mass, it is
negligible compared to other contributions. The vertex corrections ΛZeeV (M
2
Z) and Λ
Zee
A (M
2
Z) are
both negligible as well, because both are proportional to the electron mass and thus are suppressed.
In our analyses, we will therefore keep only contributions from ΠγZ(M2Z) to δs
2
θ/s
2
θ.
The electroweak radiative correction to the muon decay constant, δGµ, is due to the W-boson
vacuum polarization, ΠWW (0), and the vertex and box corrections, δV −B. It is given by
δGµ
Gµ
= −Π
WW (0)
M2WL
+ δV−B. (58)
The vertex and box corrections, δV −B, are small compared to the other correction [29], and is thus
neglected in our analyses. The contribution due to the vacuum polarization of the photon, δα, is
given by
δα
α
= Πγγ′(0) + 2(
geV − geA
Qe
)
ΠγZ(0)
M2Z
. (59)
Defining a short-hand notation ∆rˆ,
∆rˆ = −∆s
2
θ
s2θ
+
c2s2√
2Gµf2
(60)
−Re(Π
ZZ(M2Z))
M2Z
+Πγγ′(0) + 2(
gV − gA
Qe
)
ΠγZ(0)
M2Z
−c
2
θ − s2θ
cθsθ
Re(ΠγZ(M2Z))
M2Z
,
we can then write
s2θc
2
θ =
πα(MZ)√
2GµM
2
Zρ
[
1 +
ΠWW (0)
M2WL
+∆rˆ
]
, (61)
Solving for M2WL and ρ in Eq.(34) and (61), we obtain a prediction for the physical W-boson mass
M2WL =
1
2
[
a(1 + ∆rˆ) +
√
a2(1 + ∆rˆ)2 + 4aΠWW (0)
]
(62)
where a ≡ πα(M2Z)/
√
2Gµs
2
θ. The ρ parameter is then predicted using Eq.(34) with theM
2
WL
value
predicted in Eq.(62). Explicit expressions for the two point functions are given in the appendices.
We find that the one-loop contribution to ∆rZ due to the SU(2) triplet scalar field, Φ, scales
as
∆rsZ ∼
1
16π2
1
v2
(
v′
v
)2M2Φ . (63)
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In the limit v
′
= 0 while keeping f fixed, which is equivalent to turning off the coupling λhΦh in the
Coleman-Weinberg potential, the one loop contribution due to the SU(2) triplet, ∆rsZ , vanishes.
The large f limit of the scalar one-loop contribution, ∆rsZ , vanishes depending upon how the limit
f → ∞ is taken. As f approaches infinity, the parameter µ2 (thus v2) can be kept to be of the
weak scale by fine-tuning the unknown coefficient in Eq. 27 while all dimensionless parameters
remain of order one. The scalar one-loop contribution in this limit does not de-couple because M2Φ
increases as f2 which compensates the 1/f2 suppression from v′2/v2. In this case, the SM Higgs
mass mH is of the weak scale v. On the other hand, without the fine-tuning mentioned above, v
can be held constant while varying f , if the quartic coupling λh4 (thus λΦ2) approaches infinity as
f2/v2. This can be done by taking a ∼ f2/v2 while keeping a′ finite and s and s′ having specific
values. The scalar one-loop contribution then scales as
∆rsZ ∼
1
v2
(
v′
v
)2M2Φ (64)
∼ ( 1
v2
)(
λhΦh
λΦ2
)2
v2
f2
λΦ2f
2 → λ
2
hΦh
λΦ2
.
Since the coupling constant λΦ2 must approach infinity in order to keep v constant as we argue
above, the scalar one-loop contribution ∆rsZ thus vanishes in the limit f →∞ with v held fixed and
no fine tuning. In this case, mH ∼ µ scales with f . Of course, from the naturalness argument [2]
and unitarity constraint [34], f has an upper bound of a few TeV. The non-decoupling of heavy
scalar fields has been noted before [35, 36]. A specific case of the de-coupling in the presence of
the SU(2) triplet Higgs in the LLH model is currently under investigation [37].
Blank and Hollik [29] considered the complete one-loop radiative corrections to the electroweak
observables in the Standard Model with an additional SU(2) triplet with Y = 0. They found large
corrections to the ρ parameter from one-loop corrections due to the triplet Higgs. Numerically, our
results are consistent with theirs in appropriate limits.
IV. NUMERICAL RESULTS
We use the following experimentally measured values for the four input parameters [1, 32],
Gµ = 1.16639(1) × 10−5GeV −2 (65)
MZ = 91.1876(21) GeV (66)
α(MZ)
−1 = 127.934 ± 0.027 (67)
s2θ = 0.23150 ± 0.00016. (68)
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In addition, fermion masses and the Higgs boson mass are also unknown parameters. We use the
following experimental values as inputs [1, 32]
mt = 175GeV (69)
and mb in MS scheme,
mb = 3GeV . (70)
And we choose
mH = 120GeV. (71)
In the Yukawa sector, there are two unknown parameters, the mixing angle xL between t3 and t˜,
and λ, which is defined as,
λ ≡
(
λ2
λ1
)√
λ21 + λ
2
2 . (72)
We trade the top quark mass mt for λ, through the relation
mt =
λxL
21/4G
1/2
µ
[
1 +
xL
2
√
2Gµf2
(
1 + xL
)]
. (73)
and choose mt and xL as the two independent parameters in the Yukawa sector. In terms of the
mass mt and the mixing angle xL, the heavy top mass MT can be written as
MT =
21/4G
1/2
µ mt√
xL(1− xL)
f
[
1− xL√
2Gµf2
(
1 + xL
)]
. (74)
We analyze the dependence of the W-boson mass, MWL , on the mixing between SU(2)1 and
SU(2)2, described by s
′, the mixing between U(1)1 and U(1)2, described by s, the mixing parameter
in t − T sector, xL, and the VEV of the SU(2), v′. The predictions for MWL with and without
the one-loop contributions for f = 2, 3 and 4 TeV are given in Figs. 1, 2 and 3, respectively.
These figures demonstrate that a low value of f (f ∼ 2 TeV ) is allowed by the experimental
restrictions from the W and Z boson masses. This is because of the large effects of the one-loop
corrections, in particular the non-decoupling contributions of the scalar loops. Figs. 1, 2 and 3,
clearly demonstrate, however, that in order to have experimentally acceptable gauge boson masses,
the parameters of the model must be quite finely tuned, regardless of the value of the scale f .
The importance of having a non-vanishing VEV, v′, of the SU(2) triplet is shown in Fig. 4.
The allowed parameter space on the (xL, s)-plane for various values of the cutoff scale is given in
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Fig. 5. The allowed region on the (v′, s)-plane is given in Fig. 6. In Fig. 7 the allowed region on
the (v′, s′)-plane is shown. The non-decoupling of the SU(2) triplet scalar field is shown in Fig. 8.
Our analyses have shown that the model with low cutoff scale f can still be in agreement with
the experimental data, provided the VEV of the SU(2) triplet scalar field is non-zero. This shows
the importance of the SU(2) triplet in placing the electroweak precision constraints. Constraint on
the mixing parameter, xL, is rather loose, as shown in Fig. 5. The mixing parameter s is bounded
between 0.1 and 0.3; these bounds are insensitive to the cutoff scale, as shown in Fig. 5.
On the other hand, the prediction for MWL is very sensitive to the values of s
′ as well as v′.
The non-decoupling of the SU(2) triplet scalar field shown in Fig. 8 implies the importance of the
inclusion of the scalar one-loop contributions in the analyses. In the region below f = 4 TeV ,
where the tree level corrections are large, the vector boson self-energy is about half of the size
of the tree level contributions, but with an opposite sign. (Other one-loop contributions roughly
cancel among themselves in this region). Due to this cancellation between the tree level correction
and the one-loop correction, there is an allowed region of parameter space with low cutoff scale f .
Fig. 8 also shows that the tree level contribution of the LH model get smaller as f increases, as
is expected. In order to be consistent with experimental data, the triplet VEV v′ must approach
zero as f goes to infinity, as shown in Fig. 6 and 7. The dependence on mt and MT is logarithmic
as shown in Fig. 8. This is consistent with the observation of Ref. [30, 31].
V. CONCLUSION
In this paper we considered the logarithmically enhanced one-loop radiative corrections to the
ρ parameter, due to the additional heavy fermions and SU(2) triplet Higgs, including the contribu-
tions from both fermion and scalar loops. We find the one-loop contributions, from both fermion
and scalar sectors, can be comparable to the tree level correction to the ρ parameter. In some cases,
the one-loop contribution even dominates over the tree level correction due to the large logarithmic
enhancement of the loop corrections arising from terms of O(ln( f2
M2Z
)).
The fermion loop contribution dominates in the low cutoff scale region. On the other hand, the
scalar loop contribution dominates in the high cutoff scale f region; it grows with the cutoff scale
f . This in turn implies an upper bound on the cutoff scale. The non-decoupling of the SU(2)
triplet is due to the fact that M2Φ scales as f
2 when the parameters in the theory are fine-tuned to
fix v at the weak scale and the other parameters to be of order one. Without this fine-tuning, the
triplet contributions do decouple for large f . This non-decoupling behavior of the scalar triplet
14
will be further investigated in a future publication [37]. Our results emphasize the need for a full
one loop calculation.
Acknowledgments
We thank Sven Heinemeyer, K.T. Mahanthappa and Bill Marciano for useful correspondence and
discussion, and Graham Kribs and Heather Logan for discussion and their very useful comments.
This work was supported by the U.S. Department of Energy under grant No. DE-AC02-76CH00016.
APPENDIX A: COUPLING CONSTANTS IN LLH MODEL
We summarize in this section the relevant coupling constants for our calculation [26]. The gauge
interaction of the fermions is given by
L = iψ1γµ(gV + gAγ5)ψ2Xµ (A1)
= iψ1γµ(cLPL + cRPR)ψ2X
µ ,
where PL =
1
2(1− γ5) and PR = 12(1 + γ5) are the usual projection operators. The gauge coupling
constants of the fermions are given in Table II.
Xff
WLtb: cL =
g√
2
cR = 0
WLTb: cL = − g√2
v
f xL cR = 0
ZLtt: gV =
g
2cW
(12 − 43s2W ) gA = − g4cW
ZLbb: gV =
g
2cW
(−1/2 + 23s2W ) gA = g4cW
ZLTT : gV = − 2gs
2
W
3cW
gA = O(v2/f2)
ZLTt: gV =
gxL
4cW
v
f gA = − gxL4cW vf
ALff : gV = eQf gA = 0
TABLE II: Relevant coupling constants Xff . As MT is of order f , gauge coupling constants for T and
T must be expanded to order v/f . For the coupling constants of the light fermions, we retain only the
order (v/f)0 terms. Qf is the electric charge of fermion f : Qt = QT = +2/3, Qb = −1/3. We make the
approximation that V SMtb = 1 [26].
The gauge coupling constants of the scalar fields are given in Table III, IV and V. The pa-
rameters s0, sp and s+ describe the mixing in the neutral CP-even scalar, pseudoscalar and singly
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XXSS CXXSS XXSS CXXSS
W+LW
−
L HH
g2
2 ZLZLHH
g2
2c2
W
W+LW
−
L Φ
0Φ0 g2 ZLZLΦ
0Φ0 2 g
2
c2
W
W+LW
−
L Φ
PΦP g2 ZLZLΦ
PΦP 2 g
2
c2
W
W+LW
−
L Φ
+Φ− 2g2 ZLZLΦ+Φ− 2
g2
c2
W
s4W
W+LW
−
L Φ
++Φ−− g2 ZLZLΦ++Φ−− 2
g2
c2
W
(1− 2s2W )2
ALALΦ
+Φ− 2e2 ALALΦ++Φ−− 8e2
ALZLΦ
+Φ− −2e gcW s2W ALZLΦ++Φ−− 4e
g
cW
(1− 2s2W )
TABLE III: Relevant gauge coupling constants of the scalar fields, CXXSS [26].
XSS CXSS XSS CXSS XSS CXSS
W+L HΦ
− − g2 (
√
2s0 − s+) ZLHΦP g2cW (sp − 2s0) ALΦ+Φ− −e
W+L Φ
0Φ− − g√
2
ZLΦ
0ΦP − gcW ALΦ++Φ−− −2e
W+L Φ
PΦ− g√
2
ZLΦ
+Φ− gcW s
2
W
W+L Φ
+Φ−− −g ZLΦ++Φ−− − gcW (1− 2s2W )
TABLE IV: Relevant gauge coupling constants of the scalar fields, CXSS [26].
charged sectors, respectively. To leading order in v
′
v they are given by [26],
s0 ≃ 2
√
2
v
′
v
(A2)
sp =
2
√
2v
′
√
v2 + 8v
′2
≃ 2
√
2
v
′
v
(A3)
s+ =
2v
′
√
v2 + 4v′2
≃ 2v
′
v
. (A4)
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X1X2S CX1CX2S X1X2S CX1CX2S
W+LW
−
L H
1
2g
2v ZLZLH
1
2
g2
c2
W
v
W+LW
−
HH − 12g2 c
2−s2
2sc v ZLAHH − 12 gg
′
cW
c
′
2−s′2
2s′c′
v
W+LW
−
L Φ
0 − 12g2(s0v − 2
√
2v
′
) ZLZLΦ
0 − 12 g
2
c2
W
(s0v − 4
√
2v
′
)
W+LW
−
HΦ
0 g
2
4
c2−s2
sc (s0v − 2
√
2v′) ZLZHΦ0 12
g2
cW
c2−s2
2sc (s0v − 4
√
2v
′
)
W+L ALΦ
− 0 ZLZHH − 12 g
2
cW
c2−s2
2sc v
W+L AHΦ
− − 12gg
′ c
′
2−s′2
2s′c′
(s+v − 4v′) ZLAHΦ0 12 gg
′
cW
c
′
2−s′2
2s′c′
(s0v − 4
√
2v
′
)
W+LW
+
L Φ
−− 2g2v
′
W+L ZLΦ
− − g2cW v
′
W+LW
+
HΦ
−− −2g2 c2−s22sc v
′
W+L ZHΦ
− g2 c
2−s2
2sc v
′
W+HZ
+
LΦ
− g2
cw
c2−s2
2sc v
′
TABLE V: Relevant gauge coupling constants of the scalar fields, CXXS [26].
APPENDIX B: ONE-LOOP INTEGRALS
The one-loop integrals are decomposed in terms of Passarino-Veltman [38] functions which are
defined in n = 4− 2ǫ dimensions,
Q4−n
∫
dnk
(2π)n
1
k2 −m2 + iǫ ≡
i
16π2
A0(m
2) (B1)
Q4−n
∫
dnk
(2π)n
1
(k2 −m21 + iǫ)((k − p)2 −m22 + iǫ)
≡ i
16π2
B0(p
2,m21,m
2
2) (B2)
Q4−n
∫
dnk
(2π)n
kµ
(k2 −m21 + iǫ)((k − p)2 −m22 + iǫ)
≡ i
16π2
pµB1(p
2,m21,m
2
2) (B3)
Q4−n
∫
dnk
(2π)n
kµkν
(k2 −m21 + iǫ)((k − p)2 −m22 + iǫ)
≡ (B4)
i
16π2
[gµνB22(p
2,m21,m
2
2) + pµpνB11(p
2,m21,m
2
2)],
where 1ǫˆ ≡ 1ǫ (4π)ǫΓ(1 + ǫ). We also define the following integrals,
I1(a) =
∫ 1
0
dx ln[1− ax(1− x)] (B5)
I3(a) =
∫ 1
0
dx x(1− x) ln[1− ax(1− x)] (B6)
I4(a, b) =
∫ 1
0
dx ln[1− x+ ax− bx(1− x)] (B7)
APPENDIX C: ONE-LOOP CONTRIBUTIONS TO GAUGE BOSON SELF-ENERGIES
The self-energies of the gauge bosons have the following structure
Πij(p
2) = gµν Π
T
ij(p
2) + pµpν Π
L
ij(p
2) . (C1)
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Only the coefficient of the gµν term, the transverse part of the self-energy, contributes to the
mass renormalization of the gauge boson. We calculate the one-loop contributions to the gauge
boson self-energies in unitary gauge, in which the contributions from the non-physical particles
vanish. The fermion contribution to the gauge boson self-energy is gauge invariant and finite. Our
calculation manifests these properties; this serves as a cross-check of our result. In the bosonic
sector, the total contribution is gauge dependent and is Ultra-Violet-divergent [39]. Nevertheless,
one can show that the contribution which is logarithmically enhanced by ln(MΦ/mZ) is gauge
independent, using Eq.(7)-(9) of [39].
1. Contributions of a fermion loop
The contribution due to the fermion loops to ΠXY , where (XY ) = (WW ), (ZZ), (γγ), (γZ),
is given by
ΠXY (p2) = − 1
16π2
[
(c2L + c
2
R)
(
2A0(m
2
2) + 2m
2
1B0(p
2,m21,m
2
2) (C2)
−2p2B1(p2,m21,m22)− 4B22(p2,m21,m22)
)
−4cLcRm1m2B0(p2,m21,m22)
]
.
where m1 and m2 are the masses of the loop fermion doublets. At zero momentum transfer, this
becomes,
ΠXY (0) = − 1
16π2
[
2(g2V + g
2
A)
(
1
2
(m21 +m
2
2) +
m41
m21 −m22
ln(
Q2
m21
)− m
4
2
m21 −m22
ln(
Q2
m22
)
)
(C3)
−4(g2V − g2A)m1m2
(
1 + ln(
Q2
m22
) +
m21
m21 −m22
ln(
m22
m21
)
)]
.
Note that in the above expression the contribution proportional to 1/ǫˆ has been subtracted. We
define the following shorthand notations
f1(m
2
1,m
2
2) =
1
2
(m21 +m
2
2) +
m41
m21 −m22
ln(
Q2
m21
)− m
4
2
m21 −m22
ln(
Q2
m22
) (C4)
f2(m
2
1,m
2
2) = 1 + ln(
Q2
m22
) +
m21
m21 −m22
ln(
m22
m21
) . (C5)
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2. Contributions of a pure scalar loop
The contribution of scalar loops with two vectors and two scalars (V V SS) has no momentum
dependence, and is given by
ΠXY (p2) = ΠXY (0) =
1
16π2
CXY S1S2A0(m
2) (C6)
=
1
16π2
CXY S1S2m
2
[
1 + ln(
Q2
m2
) +
1
ǫˆ
]
.
where (XY ) = (WW ), (ZZ), (γγ), (γZ), and m is the mass of the loop scalar fields. Note there
is an extra symmetry factor 1/2 if the particle in the loop is neutral. The contribution of the scalar
loops with one vector and two scalars (V SS) is given by
ΠXY (p2) = − 4
16π2
CXS1S2CY S1S2 B22(p
2,m21,m
2
2) (C7)
where (XY ) = (WW ), (ZZ), (γγ), (γZ), and m1 and m2 are the masses of the loop scalar fields.
For p2 = 0,
ΠXY (0) = − 4
16π2
CXS1S2CY S1S2
[
3
8
(m21 +m
2
2) +
1
4(m21 −m22)
(
m41 ln(
Q2
m21
)−m42 ln(
Q2
m22
)
)
(C8)
+
(
m21 +m
2
2
4
)
1
ǫˆ
]
.
We define the shorthand notation
g1(m
2
1,m
2
2) =
3
8
(m21 +m
2
2) +
1
4(m21 −m22)
[
m41 ln(
Q2
m21
)−m42 ln(
Q2
m22
)
]
. (C9)
In the limit m21 = m
2
2 = m
2, this becomes
ΠXY (0) = − 2
16π2
CXS1S2CY S1S2m
2
[
1 + ln(
Q2
m2
) +
1
ǫˆ
]
. (C10)
3. Contributions of a gauge boson-scalar loop
The contribution of the gauge boson-scalar loops is given by
ΠXX(p2) =
1
16π2
C2XX′S
[
B0(p
2,M2X′ ,m
2
s)−
1
M2X′
B22(p
2,M2X′ ,m
2
s)
]
(C11)
where (XY ) = (WW ), (ZZ), MX′ is the mass of the loop gauge boson X
′, and ms is the mass of
the loop scalar field. For p2 = 0,
ΠXY (0) =
1
16π2
C2XX′S
[
5
8
− 3
8
m2s
M2X′
+
3
4
(
M2X′
M2X′ −m2s
) ln(
Q2
M2X′
) (C12)
+(
m2s
M2X′ −m2s
)(−1 + m
2
s
4M2X′
) ln(
Q2
m2s
) + (1− M
2
X′ +m
2
s
4M2X′
)
1
ǫˆ
]
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The contribution proportional to 1
16π2
ln(m2s) is gauge invariant,
g2(m
2
s,M
2
X′) ≡
(
m2s
M2X′ −m2s
)[
(−1 + m
2
s
4M2X′
) ln(
Q2
m2s
)
]
. (C13)
APPENDIX D: GAUGE BOSON SELF-ENERGIES IN THE LLH MODEL
In our renormalization procedure, we need to calculate the following gauge boson self-energies,
Πγγ′(0), ΠγZ(0), ΠγZ(M2Z), Π
WW (0) and ΠZZ(M2Z). Below we summarize the full results for
diagrams due to fermion and scalar loops. In our numerical results, we keep only the contributions
which are enhanced by large logarithms, ln(M2/Q2), where M is a heavy mass scale and Q is
typically the weak scale. The gauge independence in the bosonic sector can be retained by using
the pinch technique or by using the background field formalism. This will be discussed in [37].
1. Contributions to Πγγ′(0)
There are five diagrams that contribute to Πγγ(0) in the LLH model. These are loops having
(tt), (bb), (TT ), (Φ+Φ−), and (Φ++Φ−−). The total contribution to Πγγ′(0) in the LLH model is
Πγγ′(0) =
α
4π
[
5
3
ln
Q2
M2Φ
+
16
9
ln
Q2
m2t
+
4
9
ln
Q2
m2b
+
16
9
ln
Q2
m2T
+
17
3ǫˆ
]
(D1)
2. Contributions to ΠγZ(p2)
In the LLH model, there are six diagrams that contribute to ΠγZ(M2Z). These are fermionic
loops having (tt), (TT ), the scalar loops due to SSV couplings, (Φ+,Φ−), (Φ++,Φ−−), and the
Φ+ and Φ++ scalar loops due to SSV V quartic couplings. The contributions to ΠγZ(M2Z) due to
the fermions are
ΠγZ
(tt)
(M2Z) =
2α
πsW cW
(
1
2
− 4
3
s2W )M
2
Z
[
1
3
(
ln
Q2
m2t
+
1
ǫˆ
)− 2I3(M
2
Z
m2t
)]
(D2)
ΠγZ
(TT )
(M2Z) = −
2α
πsW cW
(
4s2W
3
)(
1
2
− 4
3
s2W )M
2
Z (D3)
·
[
1
3
(
ln
Q2
m2T
+
1
ǫˆ
)
− 2I3(M
2
Z
m2T
)
]
The sum of the contributions due to SSV couplings is
ΠγZ(M2Z) =
α
2π
(
sW
cW
)(5 − 2
s2W
)
[(
M2Φ −
1
6
M2Z
)(
ln
Q2
M2Φ
+
1
ǫˆ
)
(D4)
+
(
1
6
M2Z −
2
3
M2Φ
)
I1
(
M2Z
M2Φ
)
+M2Φ −
1
9
M2Z
]
.
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The sum of the contributions due to SSV V couplings is
ΠγZ(M2Z) = −
α
2π
(
sW
cW
)(
5− 2
s2W
)[
1 + ln
Q2
M2Φ
+
1
ǫˆ
]
M2Φ (D5)
The terms proportional toM2Φ andM
2
Φ ln(Q
2/M2Φ) in Eq.(D4) and (D5) cancel among them-selves.
The total contribution to ΠγZ(M2Z) is thus given by, to order O(1/16π2),
ΠγZ(M2Z) =
2α
πsθcθ
(
1
2
− 4
3
s2θ
)
M2Z (D6)
·
[
1
3
ln(
Q2
m2t
)− 2I3(M
2
Z
m2t
)− 4s
2
θ
3
(
1
3
ln(
Q2
M2T
)− 2I3(M
2
Z
M2T
)]
+
αsθ
2πcθ
(5− 2
s2θ
)
[
−2
3
M2ΦI1(
M2Z
M2Φ
)− 1
6
M2Z
(
ln(
Q2
M2Φ
)− I1(M
2
Z
M2Φ
) +
2
3
)]
.
For p2 = 0, it can be easily checked that the total fermionic contribution and the total scalar
contribution to ΠγZ(0) vanish individually. Thus
ΠγZ(0) = 0, (D7)
as expected in the unitary gauge.
3. Contributions to ΠWW (0)
The full list of contributions of fermion loops to ΠWW (0) is given as follows,
ΠWW(tb) (0) = −
1
16π2
g2
2
f1(m
2
t ,m
2
b)
ΠWW
(T b)
(0) = − 1
16π2
g2
2
(
v
f
)2x2L f1(m
2
T ,m
2
b) . (D8)
The sum of the fermionic contributions to ΠWW (0) is thus given by, to order O(1/16π2),
ΠWWf (0) = −
α
8πs2θ
[
f1(m
2
t ,m
2
b) + x
2
L(
1√
2Gµf2
)M2T
(
1
2
+
M2T
M2T −m2b
ln(
Q2
M2T
)
) ]
. (D9)
where MT in the above equation is replaced by its leading order term, M
2
T →
√
2Gµm2t
xL(1−xL)f
2. The full
list of contributions of scalar loops to ΠWW (0) is given as follows,
ΠWW(s) (0) =
1
16π2
g2
[
1
4
m2H
(
1 + ln(
Q2
m2H
)
)
+ 4M2Φ
(
1 + ln(
Q2
M2Φ
)
)]
(D10)
[
s = sum of h,Φ0,ΦP ,Φ+,Φ++
]
ΠWW(s1s2)(0) = −
4
16π2
g2
[
(
√
2s0 − s+)2
4
g1(m
2
H ,M
2
Φ) + 2g1(M
2
Φ,M
2
Φ)
]
(D11)
=
4
16π2
g2
[
(
√
2s0 − s+)2
4
g1(m
2
H ,M
2
Φ) +M
2
Φ
(
1 + ln(
Q2
M2Φ
)
)]
[
(s1,s2)= sum of(H,Φ−), (Φ0,Φ−), (ΦP ,Φ−), (Φ+,Φ−−)
]
.
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Note that the contribution of the triplet components (Φ0,ΦP ,Φ+,Φ++) to ΠWW(s) (0) cancels exactly
the contribution of (Φ0,Φ−), (ΦP ,Φ−), (Φ+,Φ−−) to ΠWW(s1s2)(0). This prevents the appearance of
contributions proportional toM2Φ andM
2
Φln(
Q2
M2Φ
). To orderO(1/16π2), the sum of the contributions
due to pure scalar loops is
ΠWWs (0) =
α
4πs2θ
[
1
4
m2H
(
1 + ln(
Q2
m2H
)
)
(D12)
−4
√
2Gµv
′2M2Φ
(
3
8
+
M2Φ
4(M2Φ −m2H)
ln(
Q2
M2Φ
)
) ]
. (D13)
The complete list of contributions proportional to ln(m2s) to Π
WW (0) from scalar-gauge boson
loops is,
ΠWW (0) =
1
16π2
{C2WLWLhg2(m2H ,M2WL) + C2WLWHhg2(m2H ,M2WH )
+C2
WLWLΦ
0g2(M
2
Φ,M
2
WL) + C
2
WLWHΦ
0g2(M
2
Φ,M
2
WH )
+C2
WLZLΦ
−g2(M
2
Φ,M
2
Z) + C
2
WLZHΦ
−g2(M
2
Φ,M
2
ZH )
+C2
WLAHΦ
−g2(M
2
Φ,M
2
AH
) + C2
WLWLΦ
−−g2(M
2
Φ,M
2
WL
)
+C2
WLWHΦ
−−g2(M
2
Φ,M
2
WH )} (D14)
where the gauge coupling constants of the scalar fields are summarized in Table V. To order
O(1/16π2), the sum of the contributions due to scalar-gauge-boson loops is,
ΠWWsv (0) =
α2√
2Gµs
4
θ
[
1
4
(
m2H
M2WL −m2H
)(
−1 + m
2
H
M2WL
)
ln(
Q2
m2H
)
+
√
2Gµ
c2θ
v′2
(
M2Φ
M2Z −M2Φ
)(
M2Φ
M2Z
)
ln(
Q2
M2Φ
)
+4
√
2Gµv
′2
(
M2Φ
M2WL −M2Φ
)(
M2Φ
M2WL
)
ln(
Q2
M2Φ
)
]
. (D15)
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4. Contributions to ΠZZ(M2Z)
The complete list of fermionic contributions to the self-energy function ΠZZ(p2) are summarized
below.
ΠZZ(Tt)(M
2
Z) = −
1
16π2
(
gxL
2cW
)2
v2
f2
[
− 1
3M2Z
(M2T −m2t )2 +
2
9
M2Z (D16)
+
1
6M2Z
[
−M4T +m4t − 2M4Z +M2Z
(
5M2T +m
2
t
)]
ln
Q2
M2T
+
1
6M2Z
[
−m4t +M4T − 2M4Z +M2Z
(
5m2t +M
2
T
)]
ln
Q2
m2t
−1
6
[
m2t +M
2
T − 2M2Z +
(m2t −M2T )2
M2Z
](
I4(
M2T
m2t
,
M2Z
m2t
) + I4(
M2t
M2T
,
M2Z
M2T
)
)
+
1
ǫˆ
[
M2T +m
2
t −
2
3
M2Z
] ]
ΠZZ(tT )(M
2
Z) = Π
ZZ
(Tt)(M
2
Z) (D17)
ΠZZ(tt) (M
2
Z) = −
1
16π2
(
g
2cW
)2
[
2
(
(
1
2
− 4
3
s2W )
2 +
1
4
)
h1(m
2
t ) (D18)
−16
3
s2W (1−
4
3
s2W )h2(m
2
t )
+
1
ǫˆ
[
2
(
1
2
− 4
3
s2W )
2 +
1
4
)
(2m2t −
2
3
M2Z) +
16
3
s2W (1−
4
3
s2W )m
2
t
] ]
ΠZZ(bb)(M
2
Z) = −
1
16π2
(
g
2cW
)2
[
2
(
(
1
2
− 2
3
s2W )
2 +
1
4
)
h1(m
2
b) (D19)
−8
3
s2W (1−
2
3
s2W )h2(m
2
b)
+
1
ǫˆ
[
2
(
(
1
2
− 2
3
s2W )
2 +
1
4
)
(2m2b −
2
3
M2Z) +
8
3
s2W (1−
2
3
s2W )m
2
b
] ]
ΠZZ(TT )(M
2
Z) = −
1
16π2
(
2s2W g
3cW
)2
[
−4
3
M2Z
(
ln
Q2
M2T
+
1
ǫˆ
)
+
4
9
M2Z (D20)
+
(
4
3
M2Z +
8
3
M2T
)
I1(
M2Z
M2T
)
]
,
where h1(m
2) and h2(m
2) are defined as
h1(m
2) = (2m2 − 2
3
M2Z) ln
Q2
m2
+
2
9
M2Z +
2
3
(M2Z −m2)I1(
M2Z
m2
) (D21)
h2(m
2) = m2I1(
M2Z
m2
)−m2 ln Q
2
m2
. (D22)
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To order O(1/16π2), the sum of the fermionic contributions to ΠZZ(M2Z) is,
ΠZZf (M
2
Z) = −
α
8πs2θc
2
θ
·
[
(
x2L√
2Gµf2
)M2T
[
2m2t
3M2Z
+
5
6
ln(
Q2
M2T
) +
1
6
ln(
Q2
m2t
)
−1
6
(
1− 2m
2
t
M2Z
)(
I4(
M2T
m2t
,
M2Z
m2t
) + I4(
m2t
M2T
,
M2Z
M2T
)
) ]
−( x
2
L
3
√
2Gµf2
)
(
1 +
∆s2θ
c2θ
− ∆s
2
θ
s2θ
− 1
4
√
2Gµf2
− 4v
′2
f2
)
M4T
M2Z
[
1
+
1
2
(
ln(
m2t
M2T
) + I4(
M2T
m2t
,
M2Z
m2t
) + I4(
m2t
M2T
,
M2Z
M2T
)
)]
+
(
(
1
2
− 4
3
s2θ)
2 +
1
4
)
h1(m
2
t )−
8
3
s2θ(1−
4
3
s2θ)h2(m
2
t )
+
(
(
1
2
− 2
3
s2θ)
2 +
1
4
)
h1(m
2
b)−
4
3
s2θ(1−
2
3
s2θ)h2(m
2
b)
+
8
9
s4θM
2
Z
[
−4
3
ln(
Q2
M2T
) +
4
9
+
4
3
I1(
M2Z
M2T
)
] ]
(D23)
The sum of the scalar contributions due to VVSS quartic couplings is
ΠZZ(s) (M
2
Z) =
1
16π2
g2
c2W
[
1
4
m2H
(
1 + ln(
Q2
m2H
)
)
+2
(
1 + s4W + (1− 2s2W )2
)
M2Φ
(
1 + ln(
Q2
M2Φ
)
) ]
(D24)
[
s = sum of h,Φ0,ΦP ,Φ+,Φ++
]
.
The sum of scalar contributions due to (Φ0ΦP ), (Φ+Φ−) and (Φ++Φ−−) loops, is given by,
ΠZZ(s1s2)(M
2
Z) = −
1
16π2
(
2g2
3c2W
)
(
1 + s4W + (1− 2s2W )2
)[
3M2Φ −
1
3
M2Z (D25)
+
(
3M2Φ −
1
2
M2Z
)(
ln
Q2
M2Φ
+
1
ǫˆ
)
+
(
1
2
M2Z − 2M2Φ
)
I1(
M2Z
M2Φ
)
]
.
The contributions proportional toM2Φ andM
2
Φ ln
Q2
M2Φ
due to VVSS quartic couplings cancel exactly
those due to VSS couplings. Thus there is no contribution proportional to M2Φ andM
2
Φ ln(
Q2
M2Φ
) due
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to pure scalar loops. For the contribution due to (HΦP ) loop, we have
ΠZZ(HΦP )(M
2
Z) = −
1
16π2
(
g
cW
)2(sp − 2s0)2 1
12
·
[
1
2
(
3M2Φ + 3m
2
H −M2Z
)(
1
ǫˆ
+ ln(
Q4
M2Φm
2
H
)
)
+
1
2M2Z
(
M4Φ −m4H +M2Z(M2Φ −m2H)
)
ln(
M2Φ
m2H
)
+
1
2M2Z
(
M4Φ + (m
2
H −M2Z)2 − 2M2Φ(m2H +M2Z)
)
·
(
I4(
m2H
M2Φ
,
M2Z
M2Φ
) + I4(
M2Φ
m2H
,
M2Φ
m2H
)
)
+
1
3M2Z
(
3M4Φ +M
2
Φ(9M
2
Z − 6m2H) + 3m4H
−2M4Z + 9m2HM2Z
) ]
. (D26)
In terms of the input parameters, the sum of the contributions to ΠZZ(M2Z) due to pure scalar
loop to O(1/16π2) is,
ΠZZs (M
2
Z) =
α
4πs2θc
2
θ
[
1
4
m2H
(
1 + ln(
Q2
m2H
)
)
+
(
1 + s4θ + (1− 2s2θ)2
)[
2
3
M2Z
(
1
3
+
1
2
ln(
Q2
M2Φ
)− 1
2
I1
(
M2Z
M2Φ
))
+
4
3
M2ΦI1(
M2Z
M2Φ
)
]
−
√
2Gµv
′2
12
M2Φ
[
3
2
ln(
Q4
m2HM
2
Φ
) +
1
2
ln(
M2Φ
m2H
) +
(
3− 2m
2
H
M2Z
)
−m
2
H
M2Z
(
I4(
m2H
M2Φ
,
M2Z
M2Φ
) + I4(
M2Φ
m2H
,
M2Z
m2H
)
)]
−
√
2Gµv
′2
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(
1− ∆s
2
θ
s2θ
+
∆s2θ
c2θ
− 1
4
√
2Gµf2
− 4v
′2
f2
)
M4Φ
M2Z
·
[
2 + ln(
M2Φ
m2H
) + I4(
m2H
M2Φ
,
M2Z
M2Φ
) + I4(
M2Φ
m2H
,
M2Z
m2H
)
] ]
. (D27)
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The contributions to ΠZZ(M2Z) due to scalar-gauge-boson loops have the following form
ΠZZ(V S)(M
2
Z) =
1
16π2
C2XX′S
·
[ (
1− 1
12M2X′
(
3M2X′ + 3m
2
S −M2Z
))(
1
2
ln
(
Q4
M2X′m
2
S
)
+
1
ǫˆ
)
−
(
1
2
+
1
24M2ZM
2
X′
(
M4X′ + (m
2
S −M2Z)2 − 2M2X′
(
m2S +M
2
Z
) ) )
·
(
I4
(
m2S
M2X′
,
M2Z
M2X′
)
+ I4
(
M2X′
m2S
,
M2Z
m2s
))
− 1
24M2ZM
2
X′
(
M4X′ −m4S +M2Z(M2X′ −m2S)
)
ln
(
M2X′
m2S
)
− 1
36M2ZM
2
X′
(
3M4X′ +M
2
X′(9M
2
Z − 6m2S) + 3m4S − 2M4Z + 9m2SM2Z
) ]
.
(D28)
where MX′ is the mass of the loop gauge boson and mS is the mass of the loop scalar field. The
contribution proportional to ln(m2s)/16π
2 is
g3(m
2
s,M
2
X′) ≡
1
2
[
1− 1
12M2X′
(
3m4s + 3M
2
X′ −M2Z
) ]
ln(
Q2
m2s
) . (D29)
Using this notation, the total contribution to ΠZZ(M2Z) proportional to ln(m
2
s) from scalar-gauge
boson loops, is
ΠZZ(V S)(M
2
Z) =
1
16π2
[
C2ZLZLhg3(m
2
H ,M
2
Z) +C
2
ZLAHh
g3(m
2
H ,M
2
AH ) (D30)
+C2
ZLZLΦ
0g3(M
2
Φ,M
2
Z) + C
2
ZLZHΦ
0g3(M
2
Φ,M
2
ZH )
+C2ZLZHHg3(m
2
H ,M
2
ZH
) + C2
ZLAHΦ
0g3(M
2
Φ,M
2
AH
)
+C2
ZLWLΦ
−g3(M
2
Φ,M
2
WL) + C
2
ZLWHΦ
−g3(M
2
Φ,M
2
WH )
]
where the gauge coupling constants of the scalar fields are summarized in Table V. Expanding the
coupling constants and masses in terms of the input parameters, to O(1/16π2), ΠZZ(V S)(M2Z) is given
26
by
ΠZZ(V S)(M
2
Z) =
α2
8
√
2Gµs4θc
4
θ
·
[ (
5
6
− m
2
H
4M2Z
+
3(c′2 − s′2)2
16s′2c′2
+
3(c2 − s2)2
16s2c2
)
ln
(
Q2
m2H
)
+
[
8
√
2Gµv
′2
(
5
6
− M
2
Φ
4M2Z
)
+
(c2 − s2)2
4s2c2
(
3
4
− M
2
Φ
4M2ZH
)
+
√
2Gµ(c
′2 − s′2)2v′2
4s′2c′2
(
3
4
− M
2
Φ
4M2AH
) ]
ln
(
Q2
M2Φ
) ]
(D31)
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FIG. 1: Prediction for MWL as a function of the mixing angle s
′ at the tree level and the one-loop level.
Also plotted is the correlation between MZ and s
′ for fixed s, v′ and f . The cutoff scale f in this plot is 2
TeV , the SU(2) triplet VEV v′ = 3.4 GeV , the mixing angle s = 0.22, and xL = 0.4.
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FIG. 2: Prediction for MWL as a function of the mixing angle s
′ at the tree level and the one-loop level.
Also plotted is the correlation between MZ and s
′ for fixed s, v′ and f . The cutoff scale f in this plot is 3
TeV , the SU(2) triplet VEV v′ = 1.54 GeV , the mixing angle s = 0.2, and xL = 0.4.
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FIG. 5: Allowed parameter space on the (xL, s)-plane, for f = 2, 3, 4, 5, 6 TeV. The triplet VEV v
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FIG. 6: Allowed parameter space on the (v′, s)-plane for f = 2, 3, 4, 5, 6 TeV. The mixing parameters
s′ and xL are allowed to vary between 0.01 and 0.99. For f = (2, 3, 4, 5, 6) TeV, the upper bound given by
Eq. 33 is v′max = (3.78, 2.52, 1.89, 1.51, 1.26) GeV, respectively.
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FIG. 7: Allowed parameter space on the (v′, s′)-plane for f = 2, 3, 4, 5, 6 TeV. The mixing parameters s
and xL are allowed to vary between 0.01 and 0.99.
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FIG. 8: The tree level correction, ∆tree, the fermionic and scalar contributions to the one loop correction,
∆rfZ and ∆r
S
Z , the total one loop correction, ∆rˆ −∆tree, and ΠWW (0)/M2Z as functions of the cutoff scale
f at fixed s, s′, xL and v′.
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FIG. 9: Complete list of diagrams due to fermions and scalar fields to the self-energy of the photon, AL.
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FIG. 10: Complete list of diagrams due to fermions and scalar fields to the self-energy ΠγZ .
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FIG. 11: Complete list of diagrams due to fermions and scalar fields to the self-energy of the Standard
Model W gauge boson.
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FIG. 12: Complete list of diagrams due to fermions and scalar fields to the self-energy of the Standard
Model Z gauge boson.
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